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Abstract 



A generalized vector particle theory with the use of an extended set of Lorentz group irredicible rep- 
resentations, including scalar, two 4-vectors, and antisymmetric 2-rang tensor, is investigated both in 
tensor an in matrix approaches. Initial equations depend upon four complex parameters Aj, obeying two 
supplementary conditions, so restriction of the model to the case of electrically neutral vector particle is 
not a trivial task. A special basis in the space of 15-component wave functions is found where instead of 
four Aj only one real-valued quantity a, a bilinear combination of Ai, is presented. This A-parameter is 
interpreted as an additional electromagnetic characteristic of a charged vector particle, polarizability. It 
is shown that in this basis C-operation is reduced to the complex conjugation only, without any accom- 
panying linear transformation. The form of C-operation in the initial basis is calculated too. Invariant 
bilinear form matrix in both bases are found and the Lagrange formulation of the whole theory is given. 
Explicit expressions of the conserved current vector and of the energy-momentum tensor are established. 
In presence of external electromagnetic fields, two supplementary field components, scalar and 4-vector, 
give a non-trivial contribution to the Lagrangian and conserved quantities. Restriction to a massless 
vector particle is determined. 

Extension of the whole theory to the case of Riemannian space-time is accomplished. Two methods 
of obtaining corresponding generally covariant wave equations are elaborated: of tensor- and of tetrad- 
based ones. Their equivalence is proved. It is shown that in case of pure curved space-time models without 
Cartan torsion no specific additional interaction terms because of non-flat geometry arise. The conformal 
symmetry of a massless generally covariant equation is demonstrated explicitly. A canonical tensor of 
energy-momentum Tp a is constructed, its conservation law happens to involves the Riemann curvature 
tensor. Within the framework of known ambiguity of any energy-momentum tensor, a new tensor Tp a is 
suggested to be used, which obeys a common conservation law. 
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Introduction 

In order to have a comprehensive theory of higher-spin fields, it is necessary to be able to describe 
interactions. The most important and the best understood is, of course, the electromagnetic one. But the 
gravitation is very important as well, at least from theoretical viewpoint if not from practical. Generally, 
a standpoint may be brought forward that we should give much attention to those facts of physics in 
the Minkowski space-time which allow for extension to a generally covariant physics. Else one point 
should be taken as of principal importance. Since wave equations with subsidiary conditions usually lead 
to consistency difficulties when minimally coupled to an electromagnetic field, it seems best to avoid 
subsidiary conditions from the start. Furthermore, it seems the best to start with a first-order system, 
which is linked up to a certain Lagrange function, and in which some physically required restrictive 
conditions are built in from the very beginning in accordance with the Pauli-Fierz approach [1-2]. The 
more so is in the context of possible background of a non-Euclidean geometry, in view of arising additional 
subtleties in a consistency problem. 

It is well known that if one looks for a first-order differential equation describing a mass m spin s 
field, that is form-invariant under Lorentz transformations, derivable from a Lagrangian, then one does 
not uniquely obtain the common Dirac or Duffm-Kemmer or some other equations. A general theory of 
such first-order and Lagrangian-based equations has been treated at great length Fierz and Pauli [1-2], 
Dirac [3], Bhabha [4], Harish-Chandra [5], Umezawa [6], and by many others [7-12]. 

In fact, it was shown that almost an infinite many of such equations is possible. However, there has 
been a notable dearth of examples of such theories that have been developed at a large extent comparable 
to the Dirac or Duffin-Kemmer examples. But such particle models, being elaborated in full detail, might 
shed new light on the theory of general arbitrary-spin wave equations. Much work in this direction has 
been done [13-39]. For instance, generalized wave equations for particles of spin 1/2 and 1 respectively and 
with arbitrary anomalous magnetic momentums have been worked out [15,17-19,21,22,24], [28,30,34,37- 
39]. Else one extension, less known, has been done for boson particle: a next simplest theory beyond 
the Duffin-Kemmer case was worked out in [20,25,26,35,36] and an explicit representation of the basic 
first-order equation was given. 

In this paper we examine the properties of this new 15-component spin 1 theory in the case of no 
interaction as well as in presence of external electromagnetic and gravitational fields. It turns out that 
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this theory is very simply related to the Duffin-Kemmer equation (in recent years some interest in 
the Duffm-Kemmer-Petiau formalism again can be noted - see [40-45]). In the free-field case, the two 
theory are equivalent, and the more complicated 15-component model can be reduced to the ordinary 10- 
component one. In the presence of external electromagnetic fields, one again obtains a Duffin-Kemmer like 
theory with an additional term corresponding to an electromagnetic polarizability. Thus, this extended 
theory is definitely inequivalent to the Duffin-Kemmer theory in presence of the minimal electromagnetic 
coupling. This else one time illustrates explicitly a point emphasized in the literature that although two 
field theories may be equivalent in absence of interaction, they may be completely inequivalent in presence 
of interaction. 



1. Generalization of the vector particle theory 



The full physical content of an extended theory of a spin 1 particle will emerge later. As for now, we 
just postulate certain original set of the Lorentz group representation along with a wave equation for the 
generalized fields [20,25,26]. Initial generalized equation for a massive spin 1 particle, being associated 
with the scheme of links 

(- -) 

\2> 2> 



(0,1) 



has the form 2 ( m = Mc/Ti) 



(0,0) 



V2> 2> 



(1,0) 



9 a (A 1 $ la + A 2 $ 2a )-$m = 0, 
ta;0 o $ + A 3 d b $ afc - m$ la = , 
±A*5 a * + A 4 d b $ ah - m$ 2a = , 
<9 a (A3$i fc - A^$ 2 fc) - d b (\l<$> la - A^$ 2a ) - m$ ab 







(1.1) 



Here all the fields (<I>, $i a , $ 2a , $ a fc) as well as Aj are complex-valued. Therefore restriction of the theory 
to the case of chargeless particle, which cannot interact with external electromagnetic fields, is to be a 
matter of special consideration. 

It must be noted that the A,-s are not fixed uniquely. Any set of such A, must obey two restricting 
conditions [25,26] 

\\\\ — A 2 A 2 = , A3A3 — A4A4 = 1 . 



In accordance with eqs. (1.2), freedom of choice of the Aj-s is as follows: 



a; 



cosh 9 sinh 6 
sinh 9 cosh 9 



Ai 
A 2 



cosh sinh 6 
sinh 6 cosh 6 



A3 
A 4 



(1.2) 



(1.3) 



Generally speaking, 9— and 0— transformations are independent of each other. 

The tensor equations (1.1) can be formulated as one matrix equation. To this end, let us rewrite eqs. 
(1.1) in the form 

d a (X ig ab )^ lb + d a (\ 2 g ab )^2 b - m$ = , 
d a {TK6m - d a (\ 3 g al ± Sm^mn - m$ lfe = , 



d a (±\* 2 5 a k )<5> - d a (\ i9 al 5% n )<5> mn - m$ 2fe = 
d a (y 3 5 a k ')<S> u + d a (-\i5ti)<S>2b - m$>ki = • 



(1.4) 



2 Latin indices take the values 0, 1, 2, 3; at the work in the Minkowski space-time the conventional metric tensor (g a b) 
diag(+l, — 1, — 1, —1); xq = ct will be used. 
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In eqs. (1.4) and in the following a special Kronecker's symbol Sff, acting in the space of antisymmetric 
tensors as a unite operator 



In turn, the equations (1.4) can be written as a matrix equation: 





d a 



( o 



Mg 





\29 ab 



\ * sab 



\ alcmn 





f * ^ 




/ $ \ 




$16 




$ife 




$26 


= m 


$2fc 


) 






V *« J 



or in a compact form 

( T a d a - m ) * 
where four matrices T a with the block structure 



0, 



/ 1 1x4 1x4 lx6\ 

4x1 4x4 4x4 4x6 

4x1 4x4 4x4 4x6 

\ 6x1 6x4 6x4 6x6/ 



(1.5a) 



(1.56) 



(1.5c) 



have been used. Take notice on the absence of a factor 1/2 in second row of the T a at A3; this is so 
because we have supposed that ^-function contains only 6 components of the antisymmetric tensor &ki 
(those are (01,02,03,23,31, 12); so one can sum over 6-combinations [kl] or can sum over indices k and 
I independently but simultaneously inserting the factor 1/2 (see (1.4)). 

The freedom of choice (1.3) can be understood in the following way: let us simultaneously with the 
change Ai A^ (1.3) perform non-degenerate linear transformation upon VP-function: 



tf' = Stf, S = S(8,0) , 

(r' a d a - m) *' = 0, r' a = s^s- 1 , 



(1.6a) 



Solving the equation r a = ST a S 1 , where T a and T a are functions of Aj and AJ respectively (see (1.3)), 
one can easily establish the explicit form of S: 



$'0 



cosh# 
- sinh 8 



- sinh 8 
cosh# 



$ 2 



, e = -e . 



(1.66) 



Now we are coming to another question. Let us perform a special linear transformation 

$2a 



( C a ^ 




< Ax 




\ J 


) = 


V ^3 


-5J ( 



$2a 



1 



( K 


A 2 \ 




\ A3 


-Ax ) 





\ 1 \* 4 + \ 2 \* 3 1 • > 1 < T ' ' ■ (L?) 

In these variables , eqs. (1.1) will take on the simpler form (in the following will be convenient instead 
the scalar function &(x) to use the notation C(x); so two supplementary components will be C(x) and 

C a ) 

d a C a - mC = , 
d d a <t> ba - mC b = 0, 
Td* d b C + d a <$> ba - m$ 6 = , 

d a ^b - d b ^a - m<^ a b = , (1.8) 

where symbol d stands for the combination of Aj-s: d = A1A3 + A2A4 . Take notice that the new system 
(1.8) depends on Ai only through d and d*. 

In addition it is readily verified that the introduced vectors C(x) and C a (x) are ^-invariant. In other 
words, irrespective of a concrete choice of an initial basis, fixed by a set of Ai, the final system (1.8) will 
be the same. 
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Eqs. (1.8) can be written, as well as eqs. (1.1), in a matrix form: 

{T a d a - m)tf = , 



( 



V 







Td*Sf 




ak 



8$ 





-dg ab 5% n 

n -g ab 8u n 







\ 


( c \ 




(C \ 








Ci 






= m 




J 






V *M J 



(1.9) 



Having used two first equations in (1.8) one can exclude the supplementary field C(x) from third 
equation in (1.8): 

T 5? d a (d k d l $ kl ) + d b <S> ab - m<D a = , 



Til 



da^b - 9 6 $a - m$ab = . 



(1.10a) 

As the term (d k d l &ki) vanishes identically. Thus, in free case (absence of external fields) additional 
parameter of the extended theory of the spin 1 particle does not manifest itself anyhow. At this two 
supplementary field components are as follows: 



C = 0, d a C a = , C a = d $ a , 



and the main equations are 



d a <P ba - m<P b = , da$b - d b <f>a - m$ab = . 



(1.106) 
(1.11) 



these are ordinary Proca equations. 

Other situation is realized in presence of external electromagnetic fields. Making conventional change 
in eqs. (1.8) 

d a =^ D a = d a - ig A a {x) , 



9 = £> e 



electric charge of the particle, instead of (1.8) we get 

D a C a - mC = , d D a <f> ba - mC b = , 

Td* D b C + D a <£ ba - m$ b = , 
D a $ b - D b $ a - m$ab = . 
From second equation in (1.12) it follows 

D a C a = -D a D b ^ ab = i — \ F ab $ afc , 
m m 2 

where F a b — (d a A b — d b A a ). Accounting for (1.13a), from first equation in (1.12) we get 

ed 1 



C 



m z 2 



(1.12) 



(1.13a) 



(1.136) 



Substituting (1.13b) into third equation in (1.12), we arrive at 

D a C a - mC = , d D a <S> ba ~ mC b = , 



±i 



edd* 



D k (J F ab <5> ab ) + D a <$>ak - m$ fe = , 



a 6 







(1.14) 

Equations (1.14) describe behavior of the vector particle in external electromagnetic field. Two first 
relations in (1.14) are to considered as additional, they give us possibility to construct supplementary 
fields C{x) 1 C a in terms of the main $ a ",$ a {,. In (1.14) d*d-dependent term is an additional one and it 
represents some electromagnetic characteristic of the particle. 

Now we are coming to another question and will consider how one should determine the massless 
limit of the theory. The corresponding equations are to be 



d a c a - c = , d d a <£ ba - c b = 0, 
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Td* d b c + d a $ ba = , 

d a ^ b - d b <S>a - $afc = . (1.15) 

This system is invariant under gauge transformation 

* o (a0 =>■ & a (x) - $„(z) + a a Z(a;) , 

C(x) — inv , C a (x) = inv , <& a b{x) = inv . (1-16) 

Having all the fields complex, the Z(x) is to be complex too. It should be borne in mind that such a 
different behavior of two vector components C a , & a under gauge transformation (see. (1.16) ) holds only 
in the chosen basis. Taking the gauge transformation (1.16) to the initial basis $i a ,3>2a (1-1) we will 
have 

*la =► *la + § d a A(x) , $ 2a $ 2a - M 9a A(x) , (1.17) 

both vectors transform simultaneously. 

In the massless case the supplementary fields turn out to be zero 

C = , C b = 0, 

Thus, eq. (1.15) takes on the form of the ordinary Proca massless system 

d a <5> ba = , d a <S> b - d b 1> a - $ ab = . (1.18) 

This is quite understandable result, having remembered that in massive case the Aj exhibit themselves 
physically only in presence of external electromagnetic fields A a (x) . 

However, from heuristic considerations (having in mind the gauge invariance principle), in the massless 
case as well one can theoretical possibility, to study a massless complex-valued field in external vector 
('electromagnetic') field 3 At this eqs. (1.15) will change into 

D a C a - C = 0, 

d D a t>ba -C b = 0, 

Td* D b C + D a <$> ba = , 

D„$ 6 - £> 6 $„ - $ o6 = , (1.19) 

where D a = d a — igA a . Eqs. (1.19) are invariant under [/(l)-gauge transformation, different from previous 
gauge symmetry (1.16): 

A a A a + d a A(x) , (C, C a , $„, $ afc ) =>• e i9A (C, C a , $„, $ ah ) . (1-20) 
It can be readily verified that eqs. (1.19) are equivalent to the following ones 

C fc = d D a $ba , 
C = -ied X - F ab <5> ab , 

±i ed*d D b {^ F kl ^ kl ) + D a $ ab = , 

D a $ b - D b <t> a - $ ab = . (1.21) 

So, in a massless case, in presence of external vector fields A a , the A^-parameters manifest themselves 
as well. 



3 The term 'electromagnetic' here should be understood with caution, in fact as a matter of convention. 
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2. Special transformations of the wave function 



In Sec. 2 we are going to give special attention to the question of the charge-symmetry. At this, for 
simplicity, instead of D a = d a — igA a ) we will write the operator d a , but remembering that everything 
concerns the charged particle as well (with taking g into — g at C-conjugation). 
Let us turn to eqs. (1.8) and write down complex-conjugate ones: 

d a C* a - mC* = , 

d* d a $>l a - mC* b = 0, 
Td d b C* + d a <i>* ba - m$* = , 
d a & b - d b <l>* a - m<&: 6 = . (2.1) 
Defining C-conjugate wave functions according to 

(d/d*)C* = C (c) , (d/d*)C* = C { a c) , 



<T>* = <T>( C ) <T>* 
J ^ ab 



(c) 
ab ' 



eqs. (2.1) can be rewritten as 



d a C { a c) - mC (c) = , d d a <S> { b J - mC t 



.(c) 



0, 



(2.2) 



$ c = c , C = 



(2.3) 



Td* d b C {c) + d a ^ - m$[ c) = , 

d a ^ ] - 9 fc $i c) - ro*$ = , 

which exactly coincides with eqs. (1.8). Therefore eqs. (1.8) are C-invariant and C-conjugation matrix 
has the form 

/ (d/d*) \ 

{d/d*)h 

h 

\ I e J 

Now, let us show that there exists a basis in which S'-operation has a simpler form. To this end, 
turning again to eqs. (1.8), let us separate out phase factors from d and d*: d => doe 2 * , d* =^> doe~ lt . 
Then eqs. (1.8) will read as 

d a C a - mC = , 
d e +lt d a <£ ba -mC b = 0, 
Td a e' lt 8 b C + d a $> ba - m$ 6 = , 
d a $b - d b <S> a - m$ a6 = . 

e- lt C{x) C{x) , e- lt C a (x) C7 a (x) , 

9 a C a - mC = , 
do <9 a $ fca - mC b = , 
Td d b C + d a <t> ba - m<P b = , 
<9 a $ fc - <9 6 $ a - m$ a6 = , 



Now, defining new fields 
we take eqs. (2.4) into 



here do is a real-valued quantity. 
Matrix form of eqs. (2.6) is 



da 






TdoSf 














rafc 
°bl 





-d Q g ab 5% n 
_ g ab 5T 





\ 


( c 


) 




( c \ 




c k 




Ci 








= 111 




J 




J 







(2.4) 
(2.5) 



(2.6) 



(2.7) 
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Evidently, in this basis C-operation is reduced to the complex conjugation only: 



Else one transformation upon VP is to be done: 

do 1 C(x) , rfp 1 C7 a (:r) =>■ C^z) 

then eqs. (2.6) read as 



(2.8) 



(2.9) 



d a C a -mC = 0, 

d a <b ba - mC b = 0, 

Td 2 d b C + 9 a $ ba - m$ fc = , 

d a $ 6 - d h $> a - m$ ab = . (2.10) 

In the following this dp will be designated as a. Also it is quite understandable that existence of two 
possibilities in eqs. (2.10), associated with two signs ±, can be described as different in sign quantities a. In 
other words, these signs ± at a can be omitted. It should be mentioned that a-parameter is dimensionless 
whereas all the component of 'J have dimension (I — cm: [C] — [C a ] — [$<,] = [&ab] = l~ 3 ^ 2 ■ 
Matrix form of eqs. (2.10) is as follows 



d a 



( o 



V o 



q ak 











rafc 
°bl 





r ab zmn 
_ ~ab zmn 

9 °u 






( c \ 




(C \ 




Ck 




a 






= m 




) 


\ <&mn J 







(2.12) 



In massless limit, instead of (2.11) we will have 

d a C a - C = , 

d^ba -C b = 0, 
a d b C + d a $ ba = , 

d a $b ~ d b <S>a - $afc = . 



(2.13) 



To avoid misunderstanding it should be noted that thought the same symbol a is used both in 
(2.11) and (2.13) but this symbol stands for quite different characteristics. In massless case a must have 
dimension of squared length. 



3. Invariant bilinear form 

Let us consider the question about explicit expression of invariant bilinear form matrix in this theory. In 
the work with the equation (see (2.12)) 



(T a d a - m) # = 
we will employ the block structure of the T a -s 



-pa 



( 


G a 








\ 











K a 




crA a 








K a 




V o 










/ 



where 



(K a ) l mn = {-g am 5\ l + g an 6™) 
(A a ) w k = 6$ , 

(s~ia\ k ab 

l u )(o) ~ 9 j 
(A a ) ; (0) = Sf . 



(3.1) 



(3.2a) 



(3.26) 
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As known, required matrix n of invariant form is determined by the relation [12] 

V - 1 (T a )+r ] = -T a . 

If the 77 is found, then * = ^> + rj will obey 

# (r a da +m) = . 



(3.3) 
(3.4) 



Allowing for (3.1) and (3.4), one can straightforwardly obtain this conventional expression for a current 
conserved: 

ja = y T ay ^ Q a ja = q _ (3 ^ 

By definition, a Lorentz invariant is to be constructed with the use of rj according to formula 
Its most general structure is as follows 

*+77* = n C*C + r 2 C* a C a + r 3 C* a <S> a + r 4 <S>* a C a + r 5 + \m Kb^ab , 



and hence t] can be as 



V = 



I R x \ 

R 2 R 3 

R A R 5 

\ i? 6 y 



f n 

r 2 .9 afc r 35 afc 

r 4 g ab r 5 g ab 

V 











r 6 H 







mn.ab 



(3.5) 



Here H mn ' ab — (g ma g nb — g mb 
block-matrices, from eq. (3.3) rewritten as Y a+ rj + ?]T a = , we readily get to the set of relations 



g"" — g-'-g 110 -^ . Taking into account representation of T a , (r a ) + and rj in terms of 



crA a i? 4 + RiG a = , R 5 = , 

G a i?i + aR 3 A a , i? 2 + R 3 = , 

i? 5 = , A Q i? 6 + R±K a = , 

i? 2 + Ra = , i^ Q i? 3 + i?eA a = . (3.6a) 

In (3.6) one can distinguish couples of equations transformed into each other on matrix transposing; 
therefore each couple provides us with a single equation. Allowing for formulas (3.2), from eqs. (3.6) it 
follows 

n = + a r 2 , r 3 = - r 2 , r 4 = - r 2 , r 5 = , r 6 = - r 2 . (3.66) 
Thus, in the used basis ?7-matrix is given by 



rj = const 



( 


+ o 













+ g ab 


-g 







-9 ab 





\ 














ab q 





-H r > 



(3.7) 



The relevant feature of 77-matrix is that the invariant-form matrix has turned out to be of non-diagonal 
structure. 

But this property does not hold in all other possible bases. For instance, let us show that in a 
representation associated with eqs. (1.1) the ry-matrix will have a common diagonal form. Actually, being 
linked up to eqs. (1.8), the T a -s are 



pa 



/ AiG a \ 2 G a \ 

-t/A*A a \ 3 K a 

+v\*A a X 4 K a 

AgA a -A^A a j 



(3.8) 



here the same notation for block-matrices G a , A a ,K a , A a as in (3.2b) n has been used. In contrast to the 
above, here an appropriate substitution for 77-matrix happens to be of typical diagonal form 



(3.9) 



/ d 








^ 




( 


Cl 








\ 





c 2 















c 2 g ab 














c 3 















c 3 g ab 





V 








c 4 j 




\ 











Ci H ab ' mn J 
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Correspondingly, the relation (T a ) + ?7 + rfT a = yields 

-vK a C 2 + C x G a = , vA a C 3 + dG a = , 

G a Ci - vC 2 A a , A a C 4 + C 2 K a , 
G a d + vC 3 A a = , -A a C 4 + C 3 K a = , 
K a C 2 + C 4 A a = , K a C 3 - C 4 A a = , 
from which one can easily derive 

c 2 = +civ , C3 = —c\v , c 4 = +c\v . 

Therefore, we have got to 



/ 


— V 











\ 







_ g ab 


















+g ab 







V 











jjab,mn 


J 



(3.10) 



One can give else one (additional) treatment of the matter: namely, to follow how the expression for 
rj in the final basis (3.7) might be calculated on translating that of the initial rj according to (3.10). The 
rule for transforming an invariant-form matrix at changing bases in ^-space can be derived quite easily. 
From relations defining rj: 

* = *+r? , 7]- 1 T a+ 7] = -T a , 
will immediately follow analogous ones for defining rj' 

*' = v'+ti' , (7/^ 1 ^' a+ ?7 , = -r' a , 

if the following relationships 

rf = (S+y 1 !] S- 1 , or t]=(S + )t]'S. (3.11) 

hold. 

With the use of eq. (3.11) let us transform the 77-matrix (3.10) to a new basis. At this it will be 
convenient to take in mind the following scheme (see. Sec 2) 



Si. 



{d, d*} 



52, 



{|d|,|d|} 



S 3 . 



W=\d\ 2 } 



First, let us perform the transformation = Si^b . It will be more convenient to employ the formula 
S^ri'Si = 7] , where 



Si = 



/ 1 \ 

Ai A 2 

-A| 

V h J 



st = 



(1 

AJ 

A* 

\0 



0^ 

A3 

-A 4 

h J 



(3.12) 



Thus, allowing for the substitution for r/ 



V' = 



( R x \ 

R 2 R 3 

R 4 R 5 

\ i? 6 / 



with the use of the relations 5^77' S\ = r] and (see. (3.10)) ri = — cz/ ,Rq = cH, one can derive the 
following 

(AJifc + A 3 i? 4 ) Ax + (A*i? 3 + A 3 i? 5 ) A3 = -c , 
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(a^ 2 + X3R4) a 2 - {xiRa + X3R5) x* 4 = , 

(A^i?2 — A 4 i? 4 ) Ai + (A2-R3 — X^Rc,) A3 = , 
(A*i? 2 - A 4 i? 4 ) A 2 - (X*R 3 - A 4 i? 5 ) A* = +c . 



With the notation 



the system (3.13) reads as 



From (3.15) it follows 



X\r 2 + X 3 r 4 = A 
X 2 r 2 — X 4 r 4 = a 



AX-i + BX* 3 = -c 
AX 2 - BXl = 



X$r 3 + X 3 r 5 = B 
X* 2 r 3 - A 4 r 5 = b 



aXt +bXl=0 
C1X2 — bXl = +c 



XI 



a = + 



A1A4 + A2A3 
AS 



Ai A| + A2A3 



3) B = - 
c , b = — 



A 2 



In turn, from (3.14) we obtain 



AX4 + aX 3 
XI A 4 + A2A3 

BX A + bX 3 



A1A4 + A 2 Ag 

Ai c 
AiA 4 + A2A3 

AX* 2 - aX$ 



A^A 4 + A2A3 
BX* 2 - bX$ 



XIX4 + X 2 X 3 X1X4 + X 2 X 3 

From this, accounting for the above expressions for A, B, a, b, we get to 



+c 



r 3 



d, 



r 5 = 



DD* DD* DD* 

where D = A|A 4 + A2A3. With AiA^ = A2A2, the expression for D can be rewritten as 

D = X{X 4 + A*A 3 = A^(A 4 + ^| A3) = A^(A 4 + ^ A 3 ) = ^ d ; 



and correspondingly the equality 



D D * = ±L d ^ d * 
A 2 A 2 



dd* 



holds. Therefore, we have arrived at the result: 



that is 



77 = c 

Now let us perform else one transformation 
Correspondingly for 77" we will have 



V " =c 









1 




= +c, 


r2 = + ^d C 


r 3 = - 


~d* C 




/ -v 















(dd*)- 1 g ab 


-(d*y 










-<TV 6 










V 










_^_jjab,mn ^ 



c , r 5 = , 



e 




V 





n — it i 






00^ 

c 

h 

Oh) 



I 


— 1/ 











\ 







do 2 9 a " 














-d^g ah 










V 











_^_j-j-ab,mn 


J 
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And finally, third step: 



and further 



l 



i ^afc ^ ah ' 







(3.19a) 



7?"' = C 



+5 -.9° 





-g" 
\ 

The 77"' will coincide with (3.7), if the relation —v$d 2 = a is taken into account. 

With the use of the expression (3.7) for rj, the current (3.5) can be brought to a tensor form: 



(3.196) 



Q jjab,mn ^ 



vfi+^r"^ = const * n 



/ + a \ 

+g- -g- 

-g- 

\ -H~<~ ) 



and further 

J a = const { +cr {C*C a - CC* a ) - ($* a '$ ; - $ aJ $ ; *)} . (3.20) 

Since, in free case, the scalar component C(x) vanishes (see (1.10)), the current (3.20) will coincide with 
the ordinary expression for a vector particle current. However, in presence of external electromagnetic 
fields, the current of generalized theory contains a non-zero additional term proportional to the cr-factor 
(see (3.20)). 

Lagrangian of the theory can be written down straightforwardly in a matrix form 



l = +i *(r a da -m)« - x - §(r a da +m)^ 



(3.21) 



with Euler-Lagrange equations as follows 

dL d 
d^> a dV a 



dL n d 

°> d*- da w- a =0 



having explicit forms (3.4) and (3.1) respectively. Tensor representation of the Lagrangian (3.21) in basis 
(2.10) will follows immediately by taking into account the above block structure of all the quantities 
involved. At this it is useful to have fixed some intermediate steps. Having employed the notation 



we have 



and further 



[ C(x), d(x), $,(a0, ®ki{x) } = (*, C, A, F) . 

= [ a $*$ + C*gC - (A*gC + C*gA) - F*HF ] , 
«T a da * = 

= [ a (-C*gA a d a <P + <5>*G a d a C) - F*HA a d a A - A*gK a 8 a F } , 

«T a da * = 

[ a (-C*gA a d a $ + $*G a d a C) - F*HA a d a A - A*gK a d a F], 



= [ cr C*C + CfC 1 - ($ ; *C' + §iC* 1 ) - - $^$ fci ] , 



(3.22) 



(3.23a) 



*r a d a * = [ +o-(-c* l diC + c*diC l ) - $*" c a ; $ fe - ^d k ^ lk ] 

*r a da * = 

= [ +a(-C* 1 diC + C* di C l ) - $*' fe di $ fe - *r dk ] , 
Therefore, the Lagrangian (3.21) reads explicitly as 

L = ^[-a(C* 1 diC + C l diC*) + a (C* diC 1 + C diC* 1 ) - 



(3.236) 
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-( $*' fc d^ k + d^i ) - ( $;a fc $ Zfc + ) ] - 

-m [ cr C*C + C\C l - ($ ; *C' + $ ; C* Z ) - i $^$ fci ] . (3.24) 

One important feature of this representation (3.24) for L is worth to be should noted specially. The 
matter is that since in free case two relationships 

C(x)=0, Q(x) =+$ l (x) (3.25) 

hold, then the Lagrangian (3.24) reduces to the conventional Lagrangian for ordinary vector particle 

l° = I [ -( $*< fe d^ k + & k d^t ) - ( $*a fe $ ;fe + ^d k <P* lk ) ]- 

- m [ - i $* ; $ fci ] , (3.26) 

To prevent a possible misunderstanding else one thing must be pointed out: going from L (3.24) to L° 
(3.26) is realized only in the manner just described but by no means through simple imposing a = 
condition. 

And finally, to else one fact should be given a special attention. Because of a non-diagonal structure 
of the invariant-form matrix rj in the basis used, the ^-function conjugated has the following explicit 
form 

*(:c) = [ a C*, (C* 1 - **'), -C* 1 , -$* feZ ] , (3.27) 

second and third equations in (2.11) can be found on variation of Lagrangian (3.24) with respect to 
(C* 1 - $*') and (-C* 1 ) respectively. 

Going from the Lagrangian (3.21) to a massless case is achieved by a single formal change 



from which it follows (see (3.26)) 



^ 1 ^ 

7 



\ I ) 



(3.28a) 



-m [ a C*C + C^C 1 - (^C l + $ Z C*') - ^ $^$ fei ] 

- [aC*C + CtC l - i <P* kl <P kl } . (3.286) 

4. On C- conjugation 

As it was shown above, the C-operation for the generalized field is described as a pure complex conjugation 
(without any accompanying linear transformation over ^-function) in the basis (2.6). Now we are going 
to see how will look C-operation in the initial basis (1.1). It will be useful to consider this question in 
two different ways: first, solving a defining relation for this operation in the basis (1.1), and alternatively 
on direct translating the known C-form in basis (2.6) into initial one. 

Let C-matrix in a \I>(x)-basis be known; in other words, the following relationships 

(r a d a - M)*(x) = , (T a d a - M)* c (x) = , 

* c (x) = c**(x) , c(r a )*c _1 = +r a (4.i) 

hold. Now, let ^'(x) be associated with any new basis 

*'(a;) - S $>{x) , r' a = S^S' 1 , (4.2a) 

then 

c" (r' a )* {Cy 1 = +v' a (4.26) 

and further 

s^c's* {v a y s- 1 {C)- 1 s = +v a => s^c's^c. 
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Thus, a rule for transforming C-matrix is 



c = sc (s*)- 1 ■ 

Now, let us follow up in some detail how, having started from ^"'-basis (when C" 
one can reconstruct C-operation in ^"-representation: 



/ 


d 








\ 







do 
















I 





V 











1 J 



C" = I . 



(4.2c) 
J, see (2.6)), 

(4.3) 



Next step is 



And last step is 



( 


e+ lt 








\ 







e+ lt 
















I 
















I ) 



c = 



( d/d* 



V o 



\\/D* 
\l/D* 





C' = 



( (d/d*) 



V o 





{d/d* 






X2/D* 

-Xi/D* 















[XI XI d + A2A3 d*]/d*D* [X* 2 X* 4 d - A 2 A 4 d*]/d*D* 
[AJAjj d - A1A3 d*]/d*D* [X* 2 X* 3 d + A1A4 d*]/d*D* 







I ) 



\ 



1 J 



(4.4) 



(4.5) 



It should be noted that the central two-by-two block is quite symmetric one: 

(A2A4 d — A2A4 d*) = (A1AJA3A4 — AJA2A3A4) , 

(A* A3 d — A1A3 d*) = — (A1A2A3A4 — A5IA2A3A4) . 

Now let us apply else one method for establishing the same C-matrix: via a direct analysis of the 
defining relation 

(4.7a) 



(4.6) 



Taking C in the form (see (4.3)) 



C* = 






V 





p 2 
Pi 






p 3 
p 5 




c (r a y = r a c . 



\ 





p e ) 



where P\ is a number, P 2 , P3, P4, P5 and Pq are proportional to a four-by-four and a six-by-six identity 
matrices respectively, we will have 



XI Pi = Ai Pi 



A 2 Pi 



\ p \* r>* \* p* 

A3 .f(3 - A 3 r 2 — a 4 r 4 

-AJ Pf = — Ai P 2 + A2 -P3 
A3 P£ = A3 P2 + A4 P3 



Ai P 3 * + A 2 P 5 * 
— A4 Pk = \t PS — X* A P? 



A^Pi 



A^ P? = — Ai P 4 
A4 Pg = A3 P4 + A| P5 



One can simplify the task by taking yet known forms for Pi and Pe : Pi 
lead to 



A 2 P 5 

4 

d/d*,P 6 



X*ij^=Xi P 2 * + A 2 P 4 * A^ = Ai P 3 * + A 2 P 5 * 



— A4 — A3 -T 3 — a 4 _r 5 



-At 



A3 



-Ai P 2 + A 2 P 3 
A^ P 2 + A: P 3 



A 4 = 



-Ai P 4 + A 2 P 5 

A3 p 4 + a: P 5 



(4.8a) 
(4.86) 

1. Then eqs. (4.8b) 
(4.9) 

(4.10) 
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and their solution follows quite straightforwardly 



_ d* A 2 A 3 + d _ A1A2A3A4 — A1A2A3A4 

2 ~ (A 1 A* + A 2 A*)d* ' 3_ (A1A4 + A 2 A3)d* ' 1 ' ° j 

_ d\*\* 3 +d* \* q \ 4 A*A 2 AgA 4 — A1A2A3A4 

5 (\ 1 \t + \ 2 \* 3 )d* ' 4 (A1A4 + A 2 Ag)d* ' ( ■ ' 

what coincides with (4.5). 

As known, a knowledge of the C-matrix provides us with a possibility to reconstruct an anti-particle's 
wave functions in terms of those of particles. Also, it enables us to isolate chargeless states \f ,± from 
charged ones , J: 

1r c = C** = C** , * ± = i(*±* c ), C** ± = (±1)^ ± . (4.12a) 

Let us remember that the [/(l)-gauge invariant derivative (d a — ieA a ) necessarily mixes up together \f + 
and constituents. Really, combining two equations 

[ T a {d a - ieA a ) - m ] * = , [ T a (d a + ieA a ) - m ] * c = , 

one can readily produce 

r a (9 a * ± - igAa®*) - m* ± = . (4.126) 



5. Equations in a Riemannian space-time, tensor-based approach 

Section 5 deals with equations for the spin 1 particle adjusted to the general relativity requirements. We 
are going to star with general covariant tensor formalism; later, in Sec. 7, an alternative approach, based 
on the tetrad 4 method by Tetrode- Weyl-Fock-Ivanenko [46-80], will be developed in full detail. Such 
a study could disclose how the additional cr-characteristic can exhibit itself at the background of non- 
Eucklidean geometry. Besides, the generally covariant formalism will enables us to check correctness of 
the above determined massless limit of the theory: reminding that massless particle's covariant equations 
are assumed to be conformally invariant. 

On taking a simple formal change of Cartesian derivatives and tensors into covariant ones 

d b => V/3 , C b (x) => C fj (x) , $ b (x) => $ (x) , $ a b(x) => $ a /3(x) 

eqs. (2.6) take on the form 

V"C a - mC = , V a ^ [3a - mCfi = , 
g WpC + V a $ 0a - m<S>p = , 

V a *|8 - V^$ a - m$ aj8 = . (5.1) 

Obviously, in presence of external electromagnetic fields, with the notation V a => D a = V a —igA a (x) , 
instead of (5.1) we will have 

D a C a - mC = , D a ® l3a - mCp = , 
a D p C + D a <S> Pa - m<5> p = , 

D a <5> fj - D <t> a - m<$> afj = . (5.2) 
Let us exclude the field C from third equation in (5.2). To this end, one can produce 

D a C a = -D a D^ aP , D a D^ afi = V a V $ a0 -ig\ F a ^ afi , 
m ^2 

where F a0 = (V a A — V pA a ), and further 

V Q V* Q/J = \ (V a W fj - V"V Q )$ a ,3 = 
4 Below, both terms, tetrad and vierbein, will be used interchangeably. 
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= \[ $„ a (x)R v / a (x) + $p v {x)R v J> a {x) ] = i[ $ va (x)R™(x) + ^(x)R^(x) 
Now, remembering symmetry of the Ricci tensor R a p(x), we arrive at 

D a C a =+i-\ F a ^ a0 . 
m 2 



Since, first equation in (5.2) yields 



C 



-i -F afi <f> R 
2 



(5.3) 



Therefore, the main equations in (5.2) read as 

D a C a - mC = , £> a $/3 Q - mCp = 0, 

-i(7 4r D p { l -F a ^ a(i ) + D a $ pa - m<& p = 



m<I> 



a/3 



. 



(5.4) 



In absence external electromagnetic fields, the term proportional to a vanishes. This means that a- 
characteristics manifests itself physically only in electromagnetic fields but not in gravitational ones. 
Now, let us consider a generally covariant massless equations. They are to be as follows 

V a C a -C = 0, V"*^ -Cp = 0, 

( rV (3 C + V a $ /3Q =0, V a $ /3 - V,3$ Q - $ Q/3 = . (5.5) 
As in the flat space-time, here we have 

C = 0, C P = Q, 

V Q $^ Q = , V Q $^ - - $ Q(3 = . (5.6) 

Thus, eqs. (5.6) happen to be absolutely equivalent to ordinary generally covariant Proca massless 
equations. 

Repeating all arguments after formula (1.18) from Sec. 1, for a generally covariant massless particle 
in an external vector field, we will get 



C fj = D a <P aP , C = -ig I F a ^ af: 



-i ag D p ( X - F Q "* Q/J ) + D a <S> pa = 



a/3 



. 



(5.7) 



6. Covariant tetrad-based formalism 

We start with the matrix equation in the Minkowski space-time (2.12) 

( T a d a - m ) *(a;) = , 



* = (c,c a ,$ a , $ ab ), r Q = 



( G a \ 

K a 

aA a K a 

\ A a j 

l A )l - (-9 °l + 9 °n ) ; 



(6.1a) 
(6.16) 



(A a ) bl k = 8$ , (G a ) (0 * = g ab , (A a ) ; (0) = Sf . (6.1c) 

In accordance with the known procedure by Tetrode- Weyl-Fock-Ivanenko, eq. (6.1) is extended to a 
curved space-time with a metric tensor g a p(x) and an accompanying tetrad e" a ^(x) as follows 

[ T a (x) (8 a + B a {x)) - m ] *(x) = , (6.2) 
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where 



r*(x) = T a ef a) (x) , B a (x) = - J ab e f l a) V a {e m ) 



Here J ab designate generators of the Lorentz group representation (see below formulas (6.6)) associated 
with the set (C, C k , $k, 

The equation (6.2) involves the object e? a \{x). Therefore, similar to the case of much more familiar 
spin 1/2 particle, there must exist possibility that any such equations associated respectively with e^{x) 

and efy(x) were translated into each other; otherwise eq. (6.2) is incorrect. 
Let us show that if two tetrads are connected by a Lorentz operator L: 



e?„)(z) 



e%(x) = L a \x) ef b) (x) , 



(6.3a) 



the respective two equations 

[T a (x)(d a +B a (x)) - m]*{x) = 0, 

[T' a {x){d a +B' a {x))-m]V(x)=Q 
can be set into each other by means of a Lorentz gauge transformation 



= S(x) *(x) , 



/ 


C'(x) \ 




(1 











\ 


( C(x) \ 




C' k (x) 







L k l 








Ci(x) 














L k l 







®i(x) 


V 






V o 










) 


V *mn(l) / 



(6.36) 



(6.3c) 



It is useful time to dwell upon some peculiarities of the formalism. The form of the 15 x 15-gauge 
transformation (6.3c) by no means takes into consideration antisymmetry of the tensor <&u. If such a 
symmetry is allowed for, then the Lorentz operator can be rewritten in a modified form 



& kl (x)=L k m L l n <S>r 



1 



{Lk m L n_ Li m L n ) ^ 



(6.4a) 



This formula (6.4a) has some advantage in the context of the matrix formalism, in view of presence of 
the tensor $ mn just as a 6-dimension object {^01^02^03,, ^23, $31, $12)- At this the 6-vector transforms 
by means of the operator 



— (L k n Li ™ - L t m L k n ) , S 6 ®6 — L\ ® L 1 . 



(6.46) 



The property noted plays a role and for corresponding generators. Let V ab and (V ® V) ah designate 
respectively vector and tensor generators: 



where 



or 



$' s = {51 + l -5oj ab {V ab )/)% , (V ab )/ = -g a PS b + g b ^ , 
®' mn = {{S' m + \su ab {V ab UW n + \8u ab (V ab ) n n$ sp = 



[(V ® VT b ] m ^ = {(-g as 6 b n + g bs SX + S s m (-g ap 6 b n + g b ^) } 
(V eg) V) ab = V ab ® I + / ® v ab . 



(6.5a) 



(6.56) 



Here the tensor generator does not take into consideration any symmetry property of $ sp , otherwise we 
will have 

[v{f } m n p ® SP = \{ [(v ® vr»} m °r [{v ® vy»} m r}<s> sp - 



1 



{(-C„5 6p + CV S ) (s b L9 ap + S% n g as )}® sp ■ 



(6.5) 
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Thus, there exist two usages of the generators J abn and gauge transformation S: 



jab 



or 



jab 
^ri 



/ 



















yab 
















yab 





V 











(V<8> V) ab 


/ 











\ 







yab 
















yab 





V 











(v {] ) ab J 



{ 1 \ 

L 

L 

\ L®L J 



( 1 ^ 

L 

1/ 

V L[. <g> L.] J 



(6.6a) 



(6.66) 



Now, starting from an equation for ^-function, let us obtain an equation for ^'-function. We have 
[ SVS- 1 (d a + S B a S- 1 + SdaS- 1 ) - M ] = , 
and two relationships are to be proved 



ST a S' 1 =T' a , 
S B a S- 1 + Sd a S- 1 = B' 



The first (6.7a) can be rewritten as 



g-1 =r b e '" 



s r a s- 1 = T b L h a . 



(6.7a) 
(6.76) 

(6.8a) 



The last is a well-known condition insuring the relativistic invariance property of the 15-component wave 
equation being considered in the Minkowski space. In blocks it reads 



G a L- 1 = G b L h a , L A a = A b L b a , 
L K a {L~ x ® L- 1 ) = K b L b a , (L ® L)A a L' 1 = A b L b a 



(6.86) 



One can check these relations by a direct calculation with the use of the explicit form of all the blocks 
G a , A a , K a , A a . The first one gives 



(G a )(J){L~ L ) k c = {G b ) (a ]L b a 



which coincides with the known pseudo orthogonality property of the Lorentz matrix. Second one leads 
to an identity 



t a t a . 

L k — L k ; 



Third yields 
what is equivalent to 
And finally forth reads as 
that is an identity 



V(A a ) i ( ° ) = (A b ) fe (0) V = 
V(if») i ™[(L- 1 ) ro 8 (i- 1 )/) = (K b )/ p L b a , 

5 P d(L~ 1 ) as - & s d {L' 1 ) ap = S p d L sa - 5 s d L pa . 
L^L n d (A a ) cd k (L-\ l = A b L b a 



si r a d j a _ j a j a 

Now let us turn to eq. (6.7b) and consider in some detail the term 

SB a S- 1 = \ J^S- 1 e^ a e m ) . 
Expressing the vierbein e^)/3 in terms of the primed e^^, we get 



(6.9) 



S B a S- 1 = -(S .r'S- 1 ) (L-\ k e { g [ V a (L-\ l e m ] 



and further 



S B a S- 1 = - (S J^S'^x 
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(1)0 ' 



=(0/3 



\ (S r'S- 1 ) [ (L~\ k (d a (L-\ l ) e ' (j f } e' (m } + (L-\ k (L~\ l e'^ V a e' (m 



So, one arrives at 



SB a S- 1 = \{S J^S- 1 ) x 
(L-\ k (d a (L-\ l ) g kl + (L-\ k (L~\ l e' { e V«e' (I)/J 



Taking into account the identity (its proof will be given below) 



ab q—1 jmn t a r b 



SJ aD S 



jmn j a j 



(6.10) 
(6.11) 



from (6.10) one readily obtains 



S B a S- 1 = - J mn L b d a {L^) brn + - J M e' ( 4 V a e[ m 



(6.12) 



which can be rewritten as 



_ J mn L n b d a (L 1 )brn + B' a . 
Now, on taking into consideration (6.12), from (6.7b ) it follows 

Sd a S- 1 + l -J mn L n b d a {L- l ) bm = Q 

Sd a S 1 = - J mn L m b (d a L n b ) . 
With the use of all blocks involved, the previous relation will read as 

LdpL- 1 = ^V ab L ad dpL b d , 

(7T 1 ® L-^dpiL- 1 ® L- 1 ) = \{V® V) ab L ad dpL b d . 

It suffices to prove only (6.14a), because eq. (6.14b) is a straightforward result from that on using the 
formula (V <8> V) ab = {V ab <g> / + / <g> V ab ). Eq. (6.14a) yields 



(6.13) 



(6.14) 



(6.146) 



L S %(L~\ P = h g ^S b -g b P5 a s ) L ad d L b d , 



or 



L s ddf3{L~ 1 ) dp = i [LP%L sd - L sd d p U> d \ . 

Here a supplementary relation is needed, which may be resulted in by differentiating the known pseudo- 
orthogonality relation for L: 



dp [ L sd V d ] = (dfiL sd ) U> d + L sd d (i V d = 

With the use of eq. (6.15) the previous one reads as identity. So, eq. (6.13) has been proved. 
Now, we are to return to eq. (6.11) used above. It is equivalent to 



LV a0 L 



ab t — 1 \rmn j aj b 



(L ® L)(V ® y)(L _1 ® L- 1 ) = (V ® y) m " L m a L„ fc 



(6.15) 

(6.16a) 
(6.166) 



Obviously, the second is a simple consequence of the first. In turn, the first one (6.16a) happens to be an 
identity: 

LiV ab )sPL -l = {v mn )sP ^a^b ^ 

-L k b L sa + L k a + L k a L sb = -L k b L sa + L k a + L k a L sb . 
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Thus, any two equations (6.36) associated with two different tetrads are transforms of each other. 
This means that the gauge invariance principle with respect to local Lorentz group, in a manner like 
more familiar case of spin 1/2 particle, holds. 

Else one fact should be mentioned. The wave equation under consideration will look as correct one 
in a generally relativistic context, if the 15-component wave function ^(x) is a scalar with respect to 
general coordinate transformations: 



r{x a ) 



(6.17) 



Now let us show — how tensor equations discussed in Sec. 5 are resulted in from the matrix one: 

[T p {x)(d + B p {x))-m] *(x) =0. (6.18) 
To this end, as a first step, let us take into consideration the block structure of all objects involved: 



T"(x)=e^T 



( G p \ 

KP 

aAP KP 

\ KP J 

( GP[d p + V p ] 




aAPd p 



B p (x) 



( 








\ 





v P 














v P 





V o 








(V®V) P j 



A"[d p + V p ] 





KP[d p + {V ®V) P ] 
KP[d p + {V ®V) P ] 




Below it will convenient to employ the notation 



(a) v P e W/3 ' 



(6.19) 



(6.20) 



Kv®v) p ] 

Then eq.(6.18) takes on the block form 



ab] mn {3 



( a )V (9 e (6)/3 . 



[G p (d p + V p )) {0 k C k =mC , 
{KP [d p + (V ® V) p ]}r n = md , 
a (A p )$ dp C + { K p [ dp + (V ® V) p ] } l mn $ m „ = m<J>, , 

[ A" (d p + V p )] m k <S> k = m$ m „ . 
With the use of explicit form of the all block-matrices in (6.21) one can readily arrive at 

e {k)a d a C k + ll kl C k = mC , 

e {k)a d a <$> lk + 7; mn $ mn + 7 / d $ /fe = mCi , 

mn <S> mn +J d kd <S>i k =m<f> l , 

" 7*nm) $ fc = m ®rnn ■ 



(6.21) 



ae a {l) d a C + e^ a d a <S> lk + ll 
Here 7 a & c designates the Ricci rotation coefficients 



ef n) d a ^ m + ( 7 fc m - ; 



(6.22) 



labc(x) = -e(a)p;ae P {b flc) ■ 

In turn, as could be checked, eqs. (6.22) represent the following generally covariant tensor equations (just 
those introduced in Sec. 5) 

V a C a - mC = , V a $^ - mCp = 0, 

a VpC + V a $^« - m<5> p = , V Q $^ - V^ a - m$ Q/3 - , (6.23) 

in the vierbein form. Connection between generally covariant and tetrad representatives of the wave 
function is determined quite conventionally 

C a = eg)C, , $ Q = eg'*, , $ Q(3 = ei m )ei")$ m „ . (6.24) 
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7. Bilinear invariants in a curved space-time 

This Section deals with a generally covariant equation for a ^-function conjugate to the and methods 
for constructing some bilinear invariants in terms of <f and Vf". A knowing of this matter will enable 
us to produce automatically expressions for a Lagrangian and a conserved current (about the energy- 
momentum tensor see Sec. 9). 

The basic requirement of an invariance matrix 77 is that a form \E ,+ 77\E' be invariant under Lorentz 
group transformations 

* + ?7* = inv, = , 

which necessitates 

7] = S+tjS rjS- 1 = 5+r/ . (7.1a) 

Being taken for an infinitesimal S, eq. (7.1a) reads 

-7? J ab = (J ab ) + ri ■ (7.16) 

it is what we need. Now, starting from an equation for "3/ 

[Y a {d a +B a )-m] * = 0, (7.2) 

we are going to reconstruct that for ^> = ^ + r\. From eq. (7.2) it follows 

[ (d a +B+) 7777" 1 (r a )+ - m } r] = ; 

which yields 

rT 1 [T a (x)}+ r) = -T a (x) , n-^BaW+r, = -B a (x) , (7.3) 
and further (compare with (7.2)) 

* [ (da -B a ) T a + M] = . (7.4) 

Take notice on the sign 'minus' at the spinor connection B a in (7.4). Now, multiplying eq. (7.2) from 
the left by ^, and eq. (7.4) — from the right by Vf", and adding results together, we get to 

* d a r a * + *r a d a * + 

+ § (T a B a - B a T a ) * = . (7.5) 

To proceed with an analysis of eq. (7.5), we need one auxiliary relation. To this end, let us turn again 
to the used above formula SY a S~ 1 = T b L b a and take it for an infinitesimal Lorentz transformation: 

(1 + hcu mn J mn ) T a (1 - l -5u kl J kl ) = T b [ S b a + l -5oj kl {V kl ) b a ] , 
from where it follows 

jkl pa pa jkl p6 ^yrkl^ a 

Taking into account the generators V kl explicitly we will have the commutation relation 

jkl^a -^a jkl pfc ^lk p/^fca ^rj 

Now, multiplying eq. (7.6) by an expression \ e ( k (^ <J e (i)p we arrive at 

Y P B IJ - B a T p = V a T p = T p . a . (7.7) 

Including (7.7) in (7.5), we come to 

* a a r Q * + *r Q o a # + * (v a r Q ) * = o , 

which may be rewritten as a generally covariant conserved current law: 

V a J a = , J a = 4T Q * . (7.8a) 
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The conserved current J a (x) may be expressed in terms of generally covariant tensor components 
according to (see (3.20); a numerical factor is omitted) 

J a = +a ( C*C a - CC* a ) + ( $* a/3 $ (3 - $ a/3 $£ ) . (7.86) 

For a while let us concentrate on certain useful and auxiliary formulas and relationships. In the first 
place, one can notice that eq. (7.8) may be considered as another form for reading eq. (7.5). In other 
words, the following equality 

v Q (*r a *) - *(d Q -B a ) r Q * + (B a +B a )v (7.9a) 

holds. With the notation 

(Va +B a )^ =D a * , *(V« -B a ) = ^D a (7.9b) 

eq. (7.9a) reads as 

v Q (*r a *) = § D a r Q * + *r Q 3 a # . (7.9c) 

It is particularly remarkable that the formula (7.9c) provides us with a hint about a general rule for 
covariant V a differentiating any bilinear combinations of \& and As prescribed by (7.9c), instead of 

the action of V Q one may act by D a and by D a from the right and from the left respectively, but not 
observing a generally covariant vector characteristic of the matrix T a (x) in the middle. 

What is more, such a rule will work always at any complicated bilinear functions. For instance, let 
us consider an expression 

V a [^T p (x)T a {x)E} . 
In accordance with defining properties of the covariant derivative we can proceed 

V«[vj/FT <T S] = 

= (<9«§) VV E + # T p . a T a E + # rT :Q E + * T P V (d a E) . 
Hanging the covariant derivatives of T- matrices with commutator as shown in (7.7), we obtain 

v Q [ yr p r a E } = 

= (d a ^>) T p T a E + * (T p B a - B a T p )T a E + * T p (T a B a - B a T a )E + *Pr (d a E) . 
Two terms containing r p _B a r CT cancel each other, and the remaining can be rewritten as 

v Q ( vr p r a E ) = * o a rT» + ^r p r a 3 a s . (7.10a) 

Eq. (7.10a) is equivalent to 

v Q (r p r CT ) = -B a r p r ,T + r p r CT B a . (7.10&) 

An analogous formula for a bilinear combination with any tensor structure follows immediately by 
induction. Really, let r< n ) be = T Pl T P2 ...T p ^ , then 

V„rW = Y {n) B a - B a T {n) ■ (7.11a) 

so that for r^™ +1 ' = r(™)r p we can easily derive 

Var (n+i) = Va [ r (n) r pj = [v Q r(")]r p + r<")[v«r p ] = 
= [r^B a - B a r^]r p + r^[r p B a - B a r p ] = r^r p B a - B Q r^r p , 

which is what we need 

From formulas (7.11) one can produce the commutation relations 

rw D a =D a rw , r(") D„=D a r(") . (7.12) 
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Now we are ready to write down a Lagrange function that yields eqs. (7.2) and (7.4). At this, two 
formulas will be taken into account (see 7.12)): 

r p (V ff + B a ) = (V CT + B a )T" , T p (V a -B a ) = (V ff -B a )V , (7.13a) 

or in a short form 

T p D a =D a V , T p D a =D a V . (7.136) 
Bearing in mind that the basic equations for <J> and ^ look as 

D a -)* = 0, (7.14a) 

* ( T" D a +m ) = , (7.146) 
a generally covariant Lagrangian for this system can be chosen in the form 



L = +- [ §r p Dp * - W Dp * ] - m . (7.15a) 



In terms of tensor components, the L will take on the form 

L = 1 [ -a ( C* a V Q C + C a V Q C*) + a (C* V Q C Q + C V Q C* Q ) + 

+ ( $* Q/3 V a $/3 + $ Q/3 V Q $; ) + ( ^V/J$ a/3 + $«V^$* a/3 ) ]- 

-m [ffC'Cl QC7 Q - ($;C a + $ Q C M ) + i $; /3 $ Q/3 ] . (7.156) 

The limiting case of a massless particle follows from (7.15) by a formal change (similar to the flat 
space-time) 

/ 1 \ 

, T , , , 0/00 



(7.16a) 




\ I ) 

which transforms the last term in (7.15b) 

-m [ a C*C + C*C a - ($* C a + <5> a C* a ) + 1 S^S"" ] =>• 

-[ ff C*C + C:C* a + ^$:^]. (7.166) 

8. Massless equation and conformal invariance 

Section 8 deals with a property of conformal invariance as it looks for 15-component theory of massless 
spin 1 particle. An original equation is 

[T a (d a + B a ) -P] = 0, (8.1) 

projective matrix P was defined by (7.16a). Let the metric tensors of two curved space-time models differ 
by a factor - function: 

9ap{x) = f 2 {x) g a f}(x) . (8.2) 
Correspondingly, we are to use two vierbeins connected with each other by means of the same factor (p: 

For two sets of Christoffel symbols we have 

f a p,p = 2 I 9 a g/3p + dpg ap - dpg a p } = 
= V 2 T aj3 ,p + <p [{d a (p)g 0p + (d (p)g ap - (d p tp)g a p ] , 
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or, with the use of the representative = g ap T a (j yP , in another form 

Let us compare two sets of the Ricci rotation coefficients: 

labc{x) = -[ dpe {a)a - T$J(a) P } ef b) ef c) = 
= -[ d a (tpe (a)a ) - T p pa ipe (a)p - 

~ ( (<W)<5£ + (d a <p)5£ - g p °(d a <p)g p 
and further ^ ^ 

labc = -[<P e ( a)a;/3 - ^ e (a)/3 + e fa) ^5a/3 ] ^(b)^) ■ 

So, the formula we need is 



7a6c = - labc + \ ( d <T<P) i e (b)9 ac ~ tfa) 9bc] ■ 

An equation (8.1) in a space-time with the metric tensor g a p(x) is 

[ f a (d a + B a ) - P ] * = , 



or 



[ T c (ef c) d a + -J ab i abc ) - P ]* = . 



Substituting expressions for a new tetrad and new Ricci coefficients (tilded) in terms of old 
ones, we get to 

[r c « c) d CT + \ J ab labc ) + \ T c J ab [ (efagac - ef a) g bc ) = ^P * . 

and further 

[ T°{d a + B a ) + r a J afc ef b) (yT 1 ^)]* = * • 
With the use of block-representations for all matrices, consider a combination T a J ab : 



ab 



( 


G a V ab 








\ 











K a (V ® F)° 6 











i^a(^ (8) ^)° 6 




V o 





Kv ab 





/ 



Allowing for relations 



(G o ) (0 ^ o6 ) i fe = +3.g" fc , (A a ) ps '(T/ ah ) ; fc = 5f s 
{K a \ mn [(V ® y) o6 ] m r = 2(-^Jf + . 9 bs <5f ) , 



an expression for T a J a6 is led to 



T a J ab = 



From this, with taking in mind eq. (2.12), we find 



( 


+3g bk 










\ 











2(- 


-5^Jf + 5 6s <5f ) 













2(- 


.gbpSf + g^Sf) 




V o 





S bk 

u ps 







/ 



r„J 



a 6 



f 


3(GV) 

















2(K b ) l ps 











2(K\» 


V o 





(AV 






/ \ 
0+3/0 

0+70 

\ +21 ) 
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In the end, we arrive at 

T a J ab = T b (+3Pi + Pi + 2P 6 ) , (8.116) 

where a special notation for projective operators on 4-dimensional and 6-dimensional subspaces is used. 
Hence, eq. (8.9) reads as 

r CT [ a + B a + (3Pi + P 4 + 2P 6 ){<p- 1 d«<p) ] * = y>Ptt . (8.12) 

With the use of block-forms of all matrices involved in (8.12) and taking the notation 

*= ($,C,A,F) , (8.13) 

eq. (8.12) is shown to be equivalent to a set (compare with (6.21)) 

G a [d a + V a + 3d a Imp] C = , (8.14a) 

K a [d a + {V ®V) a + 2d a \ntp] F = (pC , (8.146) 
aA a d a $ + K a [d a + (V® V) a + 2d a lmp] F = 0, (8.14c) 
A a [d a + V a + d a In if] A = ipF (8.14d) 
Let us find out how will look these equations after substitution the field components in the form 

A x = <p- 1 A l , F mn = V - 2 F mn , Ci = p~ 3 Ci , $ - (^ 4 $ . (8.15) 

It is straightforward to obtain 

G a [d a + V a ]C = * , (8.16a) 

K a [d a + {V®V) a ]F = C , (8.166) 

ip 2 crA a d a $ + K a [8 a + {V® V) a ] F = , (8.16c) 

A" [d a + V a ] A — F. (8.16d) 

Take notice that apparently eq. (8.16c) does not coincides with a respective equation in g al 3-sp&ce. 
However, if the vanishing of supplementary scalar and vector components <& = , C — is taken into 
consideration, then effectively remaining two equations in (8.16) will read as 

K a [d a + (V®V) a ] F = 0, 

A a [d a + V a (x)] A = F, (8.17) 

which are precisely required ones for a set (<& = 0, C = 0, A, F) in g a/ 3-space. This means that the property 
of conformal in variance holds. 

To avoid misleading it should be mentioned that just accomplished study of conformal invariance in 
15-component theory of a massless vector particle does not add much to yet known for a conventional 
10-component theory; rather it lies in the freedom from any internal conflict in the theory. This is what 
should be expected because of equivalence demonstrated above between 15- and 10-component models 
in a free particle case. 

9. Canonical energy-momentum tensor 

In Sec. 9 we are going to study a question about energy-momentum tensor for a generalized spin 1 particle. 
At this it is convenient to exploit a matrix formalism, when two basic equations are given by (for much 
generality, an external electromagnetic field will be taken into account) 

( T Q D a - m ) tf = , * ( T a Da + m ) = , (9.1a) 

where 

D a =\7a +B a - igA a , D a =Va ~B a +igA a , g = e/hc. (9.16) 
Let a tensor quantity Wp a be 

W p a - 4T Q Dp * = ^"(dp +B P )^ - igAp (<I<r a *) . (9.2) 
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The aim is to calculate a divergence over it. To this end, act on the first equation in (9.1) from the left 

by an operator \& Dp, and multiply the second from the right by Ha Dp * , and sum results, then we 
have 

* Dp r a D a * + * Da T a Dp * - , (9.3a) 

an further 

*r Q [ (DpD a - D a Dp) + DaDp ] * + * Da T a Dp^ = 0. (9.36) 
Now, placing a term with commutator \Dp,D a \- on the right, we get to 

*(r Q B Q + 5 Q r a ) Dp * = *r a [B a ,B/j]-* . (9.3c) 

Let us show that an expression on the left can be thought as a pure divergence of Wp a . We are to start 
with 

*( r Q D a + D a r a ) Dp * = 

= *[ T tt (V Q +B a - igA a ) + (V a -B a + igA a )T a } Dp * - 

= * [ T a V a +p a B a - B a T a )+ V tt T a } Dp* • (9.4a) 
Taking into consideration eq. (7.7), relation (9.4a) can be transformed into 

* ( r tt 3a + D a r a ) Dp * = 

= *( Va T a + T a . a +T a Va) Dp* = V Q (*r Q Dp *) . (9.46) 
Hence, eq. (9.3c) is equivalent to 

V a [W p a ] =*r a [D a ,Dp}-* . (9.5) 
Let us consider in more detail the commutator 

[D a , Dp}- = -igFap + D a p , (9.6a) 

where 

dAp dA a dBp dB a . . . . 

= _ &r^" ' = _ ~dx@ {BaB ? BpBa) ■ (9 - 65) 
For first term on the right in expression for D a p, it is easily to obtain a representation 

d a Bp - dpB a = V a Bp - VpB a = 
= ^ J ab V Q ( e\ a f{b)v,p ) - \j ah ^p ( e\ a) e {b)v . a ) = 

= g jaf>e ('a) I e (6)^;/3;a ~ e (6)^;a;/3 ] + g J<lfc 1 e («)";« e (i.);(! ~ e (o)f ;/3 e (6);a ] ■ ( 9 ' 7 ) 

For second one it follows 

(B a Bp — BpB a ) = 

= ( \j ab z\af( b >-, a ) ( \j kl ^ k) HD^ ) - ( l^HfWne) ( \j ab z\af( b >-, a ) = 

= \ (J ab J kl J H J ab ) [ W a) e (b)v;a ) e1 k) e {l)lx ,p ) . 
Now, with the use of commutation relations (see (6.11)) 

[J ab , J fe ']_ = (~J kb g la + J lb g ka ) - (-J ka g lb + J la g kb ) , 

we get 

(B a Bp - BpBa) = -yJ ab [ e( a ) 1/;Q e( / fc) . (3 - e (a)ly;/3 e( / b);Q ] . (9.8) 
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Accounting for eqs. (9.7) and (9.8), expression for D a p can be led to the form 

D a /3 = ^ e \a) I e (b)u;fj;a ~ ^(b)u;a;0 } = 

= \j ab <fo t e (6) RevPaW } = \r»{x) R vpa p{x) , (9.9) 
where R vpa /3(x) designates a Riemann curvature tensor. Thus, eq. (9.5) reads as 

V a W fj a = -ig J a F a(i + X - R vpa[j *r a J""* . (9.10) 
It is useful to perform some transformation over second term on the right: 

x - R vpa p § r a r" * = 
= \R vpa p* Q[r Q j""- r p r a ] + ^[r a r p + r p r a }^ *. 

Further, with the use of commutation relation (see (7.6)) 

r Q J vp - J up T a = g au {x)T p - g ap {x)T u , 

one can produce 

= \R a(i J a + \ Ru PaP * (r Q r p + r p v a ) * . (9.11) 

Correspondingly, eq. (9.10) takes on the form 

V Q [ W p a } = -* 5 J a F aP + X - J a R a(i + I R vpa p *(T a r p + r p Y a )^> . (9.12a) 
This relation can be rewritten as 

V a [ W p a ] = J a ( -ig F afj + ±R afj ) + 1 i?„ pQ(3 *(T«J^ + J^r«) * , (9.126) 

which generalizes a known formula established by V.A. Fock [49, eq. (56)] at studying a spin 1/2 particle 
on the background of a curved space-time model. A single formal difference consists in occurrence of one 
additional term proportional to Riemann curvature tensor on the left. 

It may be checked quite easily that, in the established formula (9.12b) being applied to spin 1/2 
particle case, this additional i?-dependent term will vanish identically. To this end, let us consider more 
closely a combination of Dirac matrices 

(i a f p + f p i a ) = \[i a {i v Y - i p i v ) + (7V - Yi v ) i a ] 

Multiplying the known formula for the product of the ordinary Dirac matrices [12] 

7 a 7 b 7 c = 7 V C - l b g ac + l c g ah + il 5 e ahcd ld (9.13a) 
by the following tetrad construction e ( a ) e (b) e (c)' one obtains 

7 a (x) 7 P(x) j p (x) = [ 7 "(x) g t)p {x) - W) g ap {x) + 

+ Y{x) g a(i {x) + ij 5 e a(3pa {x) la {x) ] . (9.136) 
Here a generally covariant Levi-Civita symbol is given by 

z aPp °{x) = e a (a / {b fl c fl d f abcd . (9.13c) 
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Now, with the use of (9.13b), one can produce 

1 a {x)j v P{x)+f{x) 1 a {x) = * 7 5 e av ^(x) 7<r (z) . 

So, we have arrived to 

\ R vpa p{x) *(r a rr + J^r Q )* = X - R vpa0 (x) e a ^(x) § 7 5 7<r(*)* = ; 



(9.14a) 



(9.14) 



where it is taken into account the known symmetry of the curvature tensor under cyclic permutation 
over any three indices so that convolution of i? " with e. .. over three indices equals to zero. 

Returning again to (9.12b), with the use of the properties of invariant-form matrix -q (see (3.3) and 
(7.1b)): 

»T 1 [T a (a;)] + T? = -r a (a;) , jrV"(aO] + »? = -J vp {x) , (9.15) 

one can find that on the right in (9.12a) the first and the third terms are real- valued, whereas the second 
is imaginary: 



V a Wp a = Re(x) + i Im(x) , Im(x) = - -J a R a p , 



Re(x) = -ig J a F afj + - R vpa p ^{T a J v " + . 



(9.16) 



Now, we need to isolate real and imaginary parts on the left in (9.12a) too. To this end, let us find a 
complex conjugate tensor (W a p)*: 



With the notation 



{W fi a )+ = [ *+r/r«(V /3 + Bp - igAp)* ]+ = 
= - *r a (V/j -Bp + igAp)V = - * Dp r Q * . 

Re {W p a )= l -[Wp a + (Wp «)+ ] = Tp a , 
Im (Wp a ) = ±[Wp a - (Wp °)+]=U f} a , 



eq. (9.16) will split into two real-valued ones 



V Q (7> 



-ig J a (x)F a p + - R vpa p * (r a J v ? + r?T a ) * . 



(9.17) 



(9.18) 



(9.19) 



(9.20) 



V a (Up a ) = --J a R a p, 

As it is readily checked, eq. (9.20) represent in essence a direct consequence of the conserved current 
law. Really, in accordance with definition for Up a we have 



Up a = - [yr a (dp + Bp- iAp)* + §(9/3 -B + iAp)T a ^ 

= iv, (*r-*) = ±ypr . 

Therefore, eq. (9.19) can be led to the form 

V Q V/3 J a = R a pJ a , 

and further 

(V Q V,3 - VpV a ) J a + VpV a J a = J a R a p . 
From this, with bearing in mind the conservation law for J a , it follows an identity 

J' (*) R p a p a (x) ee J a (x) R a p{x). 



(9.21) 



(9.22a) 



(9.226) 
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Thus, eq. (9.20) does not contain anything new in addition to current conservation law. As for eq. (9.19), 



for Tp a we have 



Tp a — i[§r Q 5/3 * - *r Q 5/3 *] = 

= ^[*r a (V/3 +Bp)V - *r«(V/3 -Bp)*] - igJ a A fj . (9.23a) 
and a conservation law reads as follows 

V Q (T /3 a ) = -ig J a F aP + 1 R vpafi § (r CT J^ + * . (9.236) 

To proceed with eq. (9.23b), it is a time to remember some facts about ambiguity in determining any 
energy-momentum tensor. In the Minkowski space-time such freedom in its determining is described as 
follows: if T b a (x) obeys an equation 

d a T b a = 0, 

then another tensor 

f b a (x) = T b a (x) +0 C [n b lac] (x) ] , where fl b lac] (x) = -n b lca] (x) (9.24a) 
satisfies the same equation as well 

d a T b a = 

Obviously, simultaneous existence of the two conservation laws is insured by an elementary formula 

d a d c n b [ca \x) =0. (9.246) 

As for a curved space-time model, such an equivalence between tensors T p a (x) and T p a (x) holds as 
well but in a more complicated manner. Indeed, let two tensors be related to each other by 

f p a {x)=T p a {x)+V p [^ ap \x)]. (9.25) 

Acting on both sides by operation of covariant differentiation V Q , one produces 

V a f a (x) = W a T p a (x) + V a [ V p n iap] (x) } . (9.26) 

Now, bearing in mind symmetry properties of the curvature tensor, one obtains 

v Q [ v„n^"\x) } = \[R ap f sim + R ap \ + R a ; „ si™] = 

thus 

v Q [ v p n f } ap] (x) } = l -R f3avp n^A . (9.27) 

In the end, eq. (9.26) reads as 

V a f p a (x) = V a T p a (x) + \Rp avp {x) fT^(x) . (9.28) 
which, on accounting eq.(9.23b), takes the form 

V a f p a (x) = -ig J a F afi + X - R vpa(i * (T* J vp + r p T°) * + 

+ -Rpau P (sW^(x). (9.29a) 



If the quantity f2 <T I I/p l (a;) is chosen as 

n*wp] ( x ) = + 1 ^[r a r p + r p r a } * , (9.296) 

then second and third terms on the right in (9.29a) cancel each other, and we reach a conservation law 

V a T p a (x) = -igJ a (x)F aP (x). (9.30) 
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Results 



A generalized vector particle theory with the use of an extended set of Lorentz group irredicible rep- 
resentations, including scalar, two 4-vectors, and antisymmetric 2-rang tensor, is investigated both in 
tensor an in matrix approaches. Initial equations depend upon four complex parameters Xi, obeying two 
supplementary conditions, so restriction of the model to the case of electrically neutral vector particle is 
not a trivial task. A special basis in the space of 15-component wave functions is found where instead of 
four Xi only one real-valued quantity a, a bilinear combination of A^, is presented. This A-parameter is 
interpreted as an additional electromagnetic characteristic of a charged vector particle, polarizability. It 
is shown that in this basis C-operation is reduced to the complex conjugation only, without any accom- 
panying linear transformation. The form of C-operation in the initial basis is calculated too. Invariant 
bilinear form matrix in both bases are found and the Lagrange formulation of the whole theory is given. 
Explicit expressions of the conserved current vector and of the energy-momentum tensor are established. 
In presence of external electromagnetic fields, two supplementary field components, scalar and 4-vector, 
give a non-trivial contribution to the Lagrangian and conserved quantities. Restriction to a massless 
vector particle is determined. 

Extension of the whole theory to the case of Riemannian space-time is accomplished. Two methods 
of obtaining corresponding generally covariant wave equations are elaborated: of tensor- and of tetrad- 
based ones. Their equivalence is proved. It is shown that in case of pure curved space-time models without 
Cartan torsion no specific additional interaction terms because of non-flat geometry arise. The conformal 
symmetry of a massless generally covariant equation is demonstrated explicitly. A canonical tensor of 
energy-momentum Tp a is constructed, its conservation law happens to involves the Riemann curvature 
tensor. Within the framework of known ambiguity of any energy-momentum tensor, a new tensor Tp a is 
suggested to be used, which obeys a common conservation law. 
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